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FORBIDDEN GRAPHS FOR DEGREE AND 
NEIGHBOURHOOD CONDITIONS 
D.R. WOODALL 
Department of Mathematics, University of Nottingham, Nottingham NG72RD, England 
For various graph-theoretic properties P that impose upper bounds on the minimum degree 
or the size of a neighbourhood set, we characterize the class %(P’) (%((P’)) of graphs G such 
that G and all its subgraphs (subcontractions) have property P. For example, if P is “6 <xn” 
(6 = minimum degree, n = number of vertices, 0 <X < 1) then S(P’) = F(K,+,), the class of 
graphs that do not have K,,, as a subgraph, where r = [l/(1 -x)] 
1. Introduction 
In this paper we consider only simple graphs. When we contract an edge of a 
simple graph, it is understood that we remove one edge of each pair of parallel 
edges so formed, so that the new graph is again simple. A contraction of a graph 
is any graph obtained from it by successively contracting some of its edges, and a 
subcontraction (induced subcontraction) is a subgraph (induced subgraph) of a 
contraction, or, equivalently, a contraction of a subgraph (induced subgraph). We 
write H c G (H c G) if H is a subgraph (subcontraction) of G. 
If P is a property that a (simple) graph G may or may not have, let P’ 
(pronounced “P subgraph’ or “PSG”) denote the property “G and all its 
subgraphs have property P”. Replacing “subgraphs” by, respectively, “induced 
subgraphs”, “contractions”, “subcontractions” and “induced subcontractions”, 
we obtain the properties P” (“P induced subgraph” or “PISG”), P’ (“P 
contract” or “PC”), P” (“P subcontract” or “PSC”) and PQ (“P induced 
subcontract” or “PISC”). 3(P) (p renounced “the class of P”) denotes the class of 
graphs possessing property P. 
If P’-Q- (that is, %(P’) = %(Q’)), then the properties P and Q are called 
subgraph-equivalent or SG-equivalent. In a similar way we define induced- 
subgraph-equivalent or ZSG-equivalent, contraction-equivalent or C-equivalent, 
subcontraction-equivalent or SC-equivalent, and induced-subcontraction- 
equivalent or ZSC-equivalent. 
Example 1.1. Consider the following properties. 
PI: G is planar. 
P2: G # K5 or K3,3. 
P3: G is not homeomorphic to K5 or K3,3. 
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Then Pl~Pp;C~PP;=@P;~P~~P3c, and the well-known theorems of Kura- 
towski and Wagner can be interpreted as saying, respectively, that properties PI 
and P3 are subgraph-equivalent, and PI and P2 are subcontraction-equivalent. 
Any characterization in terms of forbidden induced subgraphs can be expressed 
in this terminology: for example, Beineke’s characterization [l] of line graphs. 
Example 1.2. Consider the following properties. 
PI: G is a line graph. 
P2: G is not equal to any of the nine graphs on page 131 of [l]. 
P3: G # K1,3. 
Since PI G PT, Beineke’s theorem that PI @ Pz can be interpreted as saying that 
properties PI and Pz are ISG-equivalent. Since K,,, is one of Beineke’s nine 
graphs and is a subgraph of all of them, it follows that PI and P3 are 
subgraph-equivalent (hence, subcontraction-equivalent). But since the class of 
line graphs is not closed under subgraphs, this result does not characterize line 
graphs. 
Example 1.3. Consider the following properties, in which x(G), w(G) and a(G) 
denote the chromatic number, clique number and independence number of G. 
P,: x(G) = w(G). 
P2: a(G)w(G) 2 (V(G)/. 
P3: G $ {C,, CT, CT, Cg, cs, . . .>. 
4; G $ {C,, CT, Cg, . . .>. 
P5: G Z C,. 
The property of being perfect is PF. Lovasz [2] proved that PI and P2 are 
ISG-equivalent. Berge’s Strong Perfect-Graph Conjecture is that PI and P3 are 
ISG-equivalent. It would follow from this, but is also an easy consequence of a 
theorem of Meyniel [4], that PI and P4 are subgraph-equivalent and (hence) PI 
and Ps are subcontraction-equivalent. None of these results characterize property 
PI, but the first theorem and the conjecture (if true) characterize perfect graphs. 
Example 1.4. Consider the following properties. 
P,: G is r-colourable. 
P2: G has an independent set consisting of at least l/r of its vertices. 
P3: G f K,,,. 
Hadwiger’s conjecture can be interpreted as saying that, for each r 3 1, P, and P3 
are subcontraction-equivalent, which would imply that PI, P2 and P3 are all 
subcontraction-equivalent. This example is discussed in more detail in [7]. 
We shall write F(G,, . . . , G,) for S(P’) when P is the property 
G # Gi, G2, . . . , or G,, 
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and analogously for s(F), etc. In graph-theoretic properties, rz, m and S will 
always denote the numbers of vertices and edges and the minimum degree of any 
graph to which the property applies. 
The purpose of this note is to characterize the classes %(P’) and %((P’) for 
various properties P that restrict the number of edges in a graph by imposing 
upper bounds on its minimum degree or the size of a neighbourhood set. In 
Sections 2 and 3 we consider characterizations of the classes F(K,+,) and 
G<(K,+,) respectively, the latter class being the one that occurs in Hadwiger’s 
conjecture. In Sections 4 and 5 we investigate the class ‘3(P’) where P is the 
property 6 c xn + y ; we obtain a few specific characterizations in Section 4, and 
attempt to related the forbidden subgraphs for different values of x and y in 
Section 5. 
2. The class %‘(K,+J 
This is the class of graphs that do not have K,,, as a subgraph. As we shall see, 
it arises in many different ways. Recall that the Turan graph r,(n) is the complete 
r-partite graph with n vertices in which each vertex class has [n/r] or [n/r] 
vertices. Let t,(n) be the number of edges in T,(n), and let d(v) denote the 
degree of vertex 21. 
Theorem 2.1. Let r 3 1 be an integer and G a graph with n vertices, m edges and 
minimum degree 6. Then each of the following conditions implies K,,, z G. 
(a) m > t,(n). 
(b) m > n”(r - 1)/2r. 
(c) 6 > n(r - 1)/r. 
(d) For some integer s, 1 =Z s c It, every set S of s vertices satisfies CUES d(v) > 
sn(r - 1)/r. 
(e) n 3 r + 1 and, for each pair of non-adjacent vertices u, v, d(u) + d(v) > 
2n(r - 1)/r. 
Proof. (a) is TurBn’s theorem [5]. (b) follows because n’(r - 1)/2r 2 t,(n), which 
is most easily seen by noting that there is equality if n is divisible by r, and, 
between two successive multiples of r, t,(n + 1) - t,(n) is linear in n with slope 1, 
whereas [(n + 1)’ - n”](r - 1)/2 r is linear with slope (r - 1)/r < 1. (c) is special 
case of (d), which implies (b). To prove (e), let X:= {v E V(G):d(v) > 
n(r - 1)/r} and Y := V(G)\X, so that the induced subgraph (Y) is a complete 
graph. If X = 0 the result is obvious. Otherwise, let KS be the largest complete 
subgraph of (X) . There are more than n - snlr vertices of G, necessarily all in Y, that 
are adjacent to all vertices of KS, so G has a complete subgraph of order more than 
s-I-n--n/r= 
r2 + (n - r)(r -s), r 
r 
(or else s > r). Thus K,+l c G. Cl 
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Characterization 2.2. Let r 3 1 be an integer. Then all the following properties are 
subgraph-equivalent and ZSG-equivalent and, for each i, %(P,‘) = %(P,“) = 
F(Kr+I). 
PO: G # K,,,. 
PI: m s t,(n). 
Pz: m 6 n’(r - 1)/2r. 
P3: m s f (r, n), where f is any function such that f (r, n) 3 t,(n) for all n 3 1 and 
f(r, r+ l)<(‘:‘). 
P4: 6 s n(r - 1)/r. 
Ps: 6 < nrl(r + 1). 
P,(s) (1 s s < r + 1, s integral and fixed): n <s or G contains some set S of s 
vertices such that Eves d(v) s sn(r - 1)/r. 
P,(s) (1 s s =z r + 1, s integral and fixed): n <s or G contains some set S of s 
vertices such that C ueS d(v) < snrl(r + 1). 
PS: n s r or G contains two non-adjacent vertices u, v such that d(u) + d(v) < 
2n(r - 1)/r. 
Proof. It is easy to see that K,,, does not satisfy any of these conditions, so that, 
for each i, %(PzF) = %(P,“) E F(K,+,). To prove the reverse inclusion we must 
show that a graph that fails to satisfy any of these conditions must have K,,, as an 
induced subgraph. This follows immediately from Theorem 2.1. 0 
Characterization 2.3. (a) Zf 0 <x < 1 and P = P(x) is the property 6 c xn or the 
property m < &n2, then %(P’) = %(P’) = %(K,+,) where r = [l/(1 -x)1. 
(b) Let r 3 1 be an integer and let the real numbers x and y satisfy 
l-l/r~x<l and 
(r - 1) - xr <y<r-x(r+l). 
Zf P = P(x, y) is the property 6 sxn +y, then %(P’) = %(P”) = CF(K,+,). (See 
Fig. 1, where each region in which %(P’) = %‘(K,+,) is labelled with its 
forbidden subgraph K,.,, .) 
(c) With r, x and y as in (b), let P be the property 2mln c xn + y. Then 
%(P’) = %(P=) = %(K,+,). 
Proof. (a) is a special case of (b) and (c). To prove (b), note that K,+, does not 
satisfy P since r > x(r + 1) + y, but every graph with fewer than r + 1 vertices 
satisfies P since t - 1 C xt + y for every t cr. We must prove that if G does not 
satisfy P then K,,, _ c G. We may suppose n = 1GJ > r. If y s 0 the result follows 
from Theorem 2.1(c) since 
G>xn+ys 
r-l-y r-l 
n+ya- n, 
r r 
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Fig. 1. Forbidden subgraphs for 9(P), where P is 6 <xn +y. 
and if y > 0 it follows likewise since 
6 >x12 +y >xn 2 (1 - l/r)n. 
(c) is similar to (b). Cl 
If v E V(G) and S G V(6), N(v) d enotes the set of vertices adjacent to 
(“neighbouring”) v, N(S) := lJvEsN(v) and the binding number [6] of G is 
defined to be 
bind(G):=min{(N(S)I/IS(:SG V(G), S+t8, N(S)fV(G)}. 
Theorem 2.4. If r a 2 and bind(G) > y = $(r - 1 + j/m), then K,,, E G. 
Proof. We may suppose inductively that K, E G. Suppose that no vertex of G \ K, 
is adjacent to all the vertices of K,. Suppose that exactly s vertices of G \ K, are 
non-adjacent to exactly one vertex of K, and n - r -s vertices of G\K, are 
non-adjacent o two or more vertices of K,. For some v in K,, at least s/r vertices 
of G \ K, are non-adjacent to v but are adjacent to all other vertices of K,, so (if 
K,,, & G) together with v-they form an independent set X of cardinality at least 
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1 + s/r. Thus 
n - 1 -s/r 2 IN( >y 1x1 ay(l +slr), 
whence 
r(n-l)>y(r+s)+s. (1) 
Also, for some w in K,, at least (S + 2(n - r - s))/r vertices of G\K, are 
non-adjacent to W. Let Y consist of these together with w itself, so that 
whence 
r(n - 1) > y(2n - r - s). 
Averaging (1) and (2) and using (2) again gives 
(2) 
r(n - 1) > ny + 4s > ny + 
y(2n - r) - r(n - 1) 
2Y ’ 
whence 
2ny2 - 2n(r - 1)y + ry - r(n - 1) < 0, 
so certainly 
2y2 - 2(r - 1)y - r < 0. 
But this contradicts the definition of y, and this contradiction completes the 
proof. 0 
Characterization 2.5. Let r 2 2 be an integer and y a real number satisfying 
$(r-l++m)Cy<r. 
Let P be the property 
IWN s2 Y ISI f or some S E V(G) such that S # 0 and N(S) # V(G). (3) 
Then %(P’) = %(P”) = %(K,.+,). 
Proof. It is easy to see that K,,, $ ‘S(P) ( we need only consider ISI = 1). It 
remains to prove that if G $ 9(P) then K,+l c G, which follows from Theorem 
2.4. 0 
Problem. Let P be the property (3), where y is not in one of the ranges specified 
in Characterization 2.5. Then what is %(P=)? 
In [6] I conjectured that if bind(G) 3 3 then G contains a triangle (K3 E G). 
This conjecture is best possible and, if true, would solve the above problem for 
icy<2. 
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3. The class F(K,+,) 
This is the class of graphs that do not have K,,, as a subcontraction (see [7]). 
We first need a lemma. For r, s 3 2 let 
g(r, s) : = l$] + l&y + * * * + l$rJ”-‘, 
and let g(r, 1) : = 0, so that g(r, s) = L&J (g(r, s - 1) + 1). 
Lemma 3.1.1. Let r a 2 and let G be a graph satisfying the condition S > 
n + 1 - 2nlr and such that no proper subgraph of G satisfies this condition. Let 
s > 2 and suppose that G contains a vertex v such that d(v) 2 n - 1 - g(r, s). 
Then G contains some set Y of s vertices such that the induced subgraph (Y) is 
connected and V(G) \ Y c N(Y). 
Proof. Note that, if Xc V(G), then some vertex of G\X is non-adjacent to 
(strictly) fewer than 2 IXll r vertices of X, since G\X does not satisfy the 
condition on 6. Define vl:= v and X1 := V(G)\{v, U N(v,)}. Then IX11 cg(r, s), 
so there exists v2 in G\X,, necessarily in N(vJ, that is non-adjacent to fewer 
than 2 JX,I/r, hence, to at most g(r, s - l), vertices of Xi. Call the set of these 
X,. Since IX,/ G g(r, s - l), there exists v3 in G\X,, necessarily in N({v,, v,}), 
that is non-adjacent to at most g(r, s - 2) vertices of X,. Continue in this way, 
and set Y:={vi, v2,. . . , v,}. El 
Theorem 3.1. Let r 2 2 be an integer and let G be a graph with n vertices and 
minimum degree 6 > n + 1 - 2nlr. Then K,,, s G. 
Proof. Without loss of generality, no proper subgraph of G satisfies this 
condition, so Lemma 3.1.1 applies. There are five cases to consider. 
Case 1. n cr. Then 6 > n - 1, so this case cannot arise. 
Case 2. r + 1 c n s $1. Then 6 > n - 2, so G is complete. 
Case 3. $r + 4 <It s 2r. Then 6 > n - 3, so G consists of t non-adjacent edges 
(0 < t s $2). It is easy to see that by contracting [it] edges we can form a 
complete graph of order 
n -t + [it] 2 n - it - 4 2 {n - $1 ir - Q > r; 
hence, of order at least r + 1. 
Case 4. n>2r and rc5. Then o>n(r-2)lr+1>2r-3, so 622r-2 and 
m 3 (r - 1)n. By a theorem of Mader [3] (which holds for r s 6), K,,, c G. 
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Case 5. rr > 2r and r Z= 6. Choose the integer s 3 2 so that sr < n < (s + 1)r. Then, 
for each vertex V, 
n-l-d(v)<2n/r-2<2s 
and so 
12 - 1 - d(v) s 2s - 1 s [$r] (s - 1) c g(r, s). 
By Lemma 3.1.1, there exists Y G V(G) such that 1 Y1 = s, ( Y) is connected and 
V(G)\YsN(Y). The graph (V(G)\Y) h as it - s vertices and minimum degree 
strictly larger than 
So we may suppose inductively that K, s (V(G)\ Y), and then K,,, s G. 0 
Characterization 3.2. Let x and y be real numbers such that 0 s x < 1, - 1 < y s 1 
and x + y 3 0. Let P be the property 6 =SXIZ + y. Then %(P’) = %(P”) = 
W(Kr+,), where 
r = I(1 + y)/(l -x)1 3 1. (4) 
(This shows that if one draws a figure, analogous to Fig. 1, but for 
subcontraction-equivalence rather than subgraph-equivalence, then the regions 
labelled K,,, will extend up at least as far as the line y = 1.) 
Proof. The definition of r implies that r s (1 + y)/(l -x) < r + 1, so that 
r-lsrx+y and r>(r+l)x+y. (5) 
Thus K,,, is the smallest graph that does not satisfy the condition. (Compare 
Characterization 2.3(b).) And if G is any graph that does not satisfy the 
condition, with (necessarily) rr > r vertices, then 
G>xn+ys 
r-l-y r-2 
n+ySp 
r 
r n+l=n+l-2nlr 
since y < 1. If r 22 then K,+l s G by Theorem 3.1, while if r = 1 then 6 >O 
implies that K,,, = K2 s G. Cl 
Characterization 3.3. Let x and y be real numbers such that x < 1, y > 0 and 
x + y s 0. Let P be the property 
IN(S)1 Sxn +y ISJ for some S s V(G) such that S #-O and N(S) # V(G). 
Then %(P’) = %(P”) = @(K,+l), w h ere K, is the largest complete graph with the 
property. 
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Proof. If T := V(G)\N(S), so that T #0, N(T) # V(G) and SE V(G)\N(T), it 
is easy to see that 
IN(S)ISX~+~ISJ+IN(T)IC~-‘(x+y-l)n+y-’(TI 
and 
]ZV(S)] my-‘(x +y - 1)n +y-’ (S( + IN( sxrz +y ITI. 
Thus (replacing x and y by y-‘(x + y - 1) and y -’ if necessary) there is no loss of 
generality in supposing that y 6 1. 
The integer r satisfies (5) (and therefore (4)). We must prove that if 
(N(S)] >xn + y ISI for every S c V(G) such that S f 0 and N(S) f V(G), then 
K r+l s G. But this hypothesis implies (6), and K,,, s G by Theorem 3.1 if r 2 2. 
If r = 1 we get a contradiction to G being edgeless by taking S := V(G). 0 
4. Further results involving the minimum degree 
In this section and the next we shall investigate %((P’), where P = P(x, y) is the 
property 6 S xn + y. In this section our main aim is to justify the so-far 
unexplained regions in Fig. 1. 
If x+y<O then KI$‘3(P) and so %(P’)=O. If x+y?O and x21 then all 
graphs satisfy P. If x < 0, then ‘3(P’) and S(P) are both finite sets. If x = 0, then 
%(P’) depends only on ]y] : if ]y] < 0 then Ce(PC) is empty, if ]y] = 0 then %(P’) 
consists of the edgeless graphs, if [y] = 1 then %(P’) comprises the circuit-free 
graphs (forests), and so on. From Characterization 2.3(b) we know what happens 
if y < 0 (see Fig. 1)) so from now on we assume 0 < x < 1 and y > 0. 
The regular trivalent graphs with n = 10 and girth 5 (the Petersen graph), and 
n = 14 and girth 6, show that there exist values of n and t for which the following 
result is best possible. 
Theorem 4.1. Let t 2 4 be an integer and G a graph with n vertices and minimum 
degree 
6 > (n - t)/(5t - 14) + 2 
{ 
(t even), 
(n - t)/(7t - 26) + 2 (t odd). 
Then G has girth St. 
Proof. The condition ensures that 6 > 2 if n < t and 6 2 3 if n 2 t. We may 
therefore suppose that 6 2 3. If G has girth >t and t is even, then all the vertices 
at distance 0, 1,2, . . . , bt from a given vertex are distinct, and so 
nS1+6+S(6-1)+6(6-1)2+..-+6(S-l)+1 
Z= 1-t 6 + 6(6 - 1)[1+ ($ - 2)2] 
= 1+ 6 + 6(6 - l)(t - 3) 
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since 6 - 13 2. And if t is odd then a similar argument starting from a pair of 
adjacent vertices gives 
n 22{1+ (6 - 1) + (6 - 1)2+. . . + (6 - lp-*)} 
2 2{1+ (6 - 1) + (6 - 1)2[1+ gt - 5)2]} 
= 2{6 + (6 - 1)‘(t - 4)). 
Suppose first that t is even. Then, since 6 2 3 and so a2 - 6 > 56 - 9, 
n-t>1+6+6(6-1)(t-3)-t 
> 1+ 6 + (56 - 9)(t - 3) -t 
= (6 - 2)(5t - 14). 
And if t is odd then, since a2 - 26 + 12 46 - 8 = 4(6 - 2), 
n - t 3 26 + 2(6 - l)‘(t - 4) - t 
s 2(6 - 2) + 8(6 - 2)(t - 4) - t + 4 
z= (6 - 2)(7t - 26). 
In either case we have the required contradiction. 0 
Characterization 4.2. Let t 2 4 be an integer and let x and y be real numbers such 
that(a)&+y>l, (b)tx+y<2, (c) (t+l)x+ya2and 
(6t-14)x+y?3 (teven), 
(d) {(8t-26)x+ys3 (todd). 
Let P be the property 6 s xn + y. Then 
S(P’) = %(P”) = YF(C3, . . . ) C,) = Yiyc,, . . . ) C,), 
the class of graphs with girth at least t + 1. 
Proof. (a), (b) and (c) imply O<x < 4 and y > 0. (b) ensures that C3, . . . , C, $ 
S(P). We must prove that if 6 >xn + y then G contains one of C3, . . . , C,. This 
is obvious if n = 1 (vacuously, since 6 3 1) or 2 c n 6 t (when 6 2 2). If 
t + 1 <n < 6t - 14 and t is even, then (c) implies Cs 2 3 and Theorem 4.1 implies 
the result, while if n 3 6t - 14 and t is even then (b) and (d) imply 
(5t - 14)6 > (5t - 14)(xn + y) = [(6t - 14)x + y](n - t) - (tx + y)[n - (6t - 14)] 
2 3(n - t) - 2[n - (6t - 14)] 
= n - t + 2(5t - 14) 
and the result again follows from Theorem 4.1. The result for odd t follows 
similarly. 0 
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Corollary 4.2.1. If t 2 4 and P is any of the properties 
n-2 n-1 
a<--- +1, 6s -+1 and 6<----- 
t-l 
Iz +1, 
t t+l 
then %(P’) is as above. 
The following theorem is best possible when n = 4t - 2 in view of the graph 
K2f_-1,21_-1 minus a l-factor. When t = 4 or 3, we shall improve the result slightly 
for larger values of n in Theorems 4.5 and 4.7 respectively. 
Theorem 4.3. If t 3 3 and G is a graph such that 2t6 > (t - l)(n + 2), then G has a 
K, or a K,,, as a (necessarily induced) subgraph. 
Proof. Suppose not. Choose adjacent vertices u, r~ in G and sets U s N(u)\ {v} 
and VcN(v)\{ } u such that IUI = IV1 = 6 - 1. Since G is triangle-free, U and V 
are independent sets and (I fl V = 0. Let W := V(G)\({u, v} U U U V), so that 
OSlWl=n-2d=n-$++s 
<n-(n+2)+2 by hypothesis 
=$(&t+l)e3-t+l. 
Hence IWI s 6 - t. Choose a in U U V such that IN(a) n WI is maximal. Without 
loss of generality a E U and (since I W( s 6 - t) a is adjacent to vertices 
b 1, *. . > b,_, in V. For each i, N(a) fl N(bj) = 0, and so 
IN(b;) fl WI =S min(lN(a) fl WI, IW\N(a)l) s 4 IWI = 3n - 6, 
whence bi is non-adjacent to at most $z - 6 vertices of U. Since all but at most 
t - 2 vertices of U are non-adjacent to some bi (otherwise Kr-l,r-l s (U U V j and 
K,, E G), 
(S - 1) - (t - 2) C (t - 1)&z - 6) 
and so 2t6 s (t - l)(n + 2), contrary to hypothesis. 0 
Characterization 4.4. Let t 2 5 be an integer and let x and y be real numbers such 
that (a) 3x+y<2, (b) 2tx+y<t and (c) 2(t-l)x+y?=t-1. Let P be the 
property 6 ~xn +y. Then S(F) = ‘S(F) = F(K,, K,,,) = YF(K3, K,,,). 
Proof. (a) and (b) ensure that K, and K,,, 4 S(P). (a) and (c) imply that 
(2t - 5)x > t - 3, whence 
2& > 2t(t - 3, > t - 1 
2t- (7) 
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since t 3 5. (b) and (c) imply that y > 0. If n s 2(t - 1) and G $ s(P), then (c) 
implies that 
yn n 
6>xn+y~xn+-2- 
2(t- 1) 2’ 
so that K3 5 G. And if n > 2(t - 1) and G 4 s(P), then (c) and (7) imply that 
2ts > 2t(xn + y) = 2t[2(t - 1)X + y] + 2ti[n - 2(t - l)] 
> 2t(t - 1) + (t - l)[n - 2(t - l)] 
= (t - l)(n + 2) 
so that G contains K3 or K,,, by Theorem 4.3. Cl 
Theorem 4.5. Zf G is a graph such that 6 > in + 1 then G has a K3 or a K+, as an 
induced subgraph unless G is K7,7 minus a l-factor. 
Proof. Suppose not. Define u, v, U, V, W and a as in Theorem 4.3, let 
s := IN(a) fl WI and note that, since n c 36 - 4, 
s<IWI=n-26<6-4. 
(Hence 6 3 4). There are at least 6 - 1 -s 3 3 vertices of V that are adjacent to 
a, and each of them is adjacent to at most min(s, 1 WI - s) vertices of W and 
hence to at least max(b - 1 - s, 3 + s) vertices of U. So some two of the S - 2 
vertices in U\ {a} are adjacent to the same three vertices of N(a) n V (giving a 
K4,4 in G) unless both 
and 
(&l-s)(2;s)~2(~;2). (9) 
Now, the LHS of (8) decreases with s (over the range of interest), and the LHS of 
(9) is an “upside-down” cubic with zeros at -2, -1 and 6 - 1. Since (9) is 
obviously false ifs takes its maximum value of 6 - 4, it follows that if (8) and (9) 
hold then they must both do so when 6 - 2 - s = 2 + s. This gives 
which implies (i6 + l)$S s 4(6 - 3), whence 6 < 6 < 8. Trying values in (8) and 
(9), we find that the only possibilities are 6 = 6, s = 1 and 6 = 8, s = 2. In each 
case there is equality in both (8) and (9), so I W I = 2s and n = 26 + 2s = 14 or 20 
respectively. It is easy to see that all vertices of U are adjacent to the same s 
vertices of W and all vertices of V are adjacent to the other s vertices of W. Thus 
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in the first case G is K7,7 minus a l-factor, and the second case is impossible since 
G must contain K4,+ 0 
Characterization 4.6. Let x and y be real numbers such that (a) 3x + y < 2, (b) 
Sx+y<4and(c)6x+y 2 3. Let P be the property 6 < xn + y. Zf (d) 14x + y < 6, 
then %( P’) = %( P”) is the class of graphs that do not contain K3, K+, or K,,7 
minus a l-factor, while if 14x + y 2 6 then %(P’) = %(P”) = ?F(K3, K+,). 
Proof. (a) and (b) ensure that K3 and K,,, 4 s(P), while (d) does the same for 
K,,7 minus a l-factor. (b) and (c) imply that y > 0. If n c 6 and G $ s(P), then 
(c) implies that 
yn n o>xn+y>xn+-a---, 
6 2 
so that K3 E G. And if n 2 6 and G $ %(P) then (a) and (c) imply that 
36 > 3(xn + y) = (6x + y)(n - 3) - (3x + y)(n - 6) 
> 3(n - 3) - 2(n - 6) = n + 3, 
so the result follows from Theorem 4.5. 0 
Theorem 4.7. Zf G is a graph such that 6 > $(n + 4) then G has a K3 or a K,,, as 
an induced subgraph. 
Proof. This follows from Theorem 4.3 if n < 10, so suppose n 2 11, 6 25. 
Suppose G does not contain K3 or K,,,. It must contain K2,3, since C4 E G by 
Theorem 4.1, and if no vertex of G \C, is adjacent to more than one vertex of C4 
then G\C4 satisfies the hypothesis and so K,,, s G\C4 by induction. Define u, u, 
U, V, W as in Theorem 4.3 and let 
since K2,31~ G we can choose u, ‘u, U, V so that X# 0. Choose a E X such that 
s := IN(a) n WI is maximal. Note that n c 316 - 44, so IWI = n - 26 c 14s - 44. 
Suppose w.1.o.g. a E U. There are two cases to consider. 
Case 1. N(a) f~ (V\X) #0. Let b belong to this set. Since N(a) II N(b) = 0 and 
JN(b)nWlas--2, it follows that s+6-2c]W]<146-4$ and s<iS-21. 
Thus JN(a)nVlao-1-s 2 4s + 1;. For each b’ in N(a) n X, IN(b’) n UI a 
IS + 14 similarly (by the maximality of s), and so IN(a) n XI s 1 or else 
K2,* E (U U V) and K3,3 E G. So IN(a) fl (V\X)l 2 4S + $+ 2 3, and any three of 
these vertices form a K,,, with W since they are all adjacent to at least 6 - 2 
vertices of Wand 3[]W] - (6 - 2)] s IWI - 3. 
Case 2. N(a) rl (V\X) = 0. Then there are at least max(2, 6 - 1 -s) vertices 
of V that are adjacent to a, and each of them is adjacent to at most 
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min(s, lW/ - S) vertices of W and hence to at least max(b - 1 - S, s - IS + 31) 
vertices of U. So some vertex in U\ {a} is adjacent to two vertices of N(a) rl V 
(giving a K,,, in G) unless 
max(2,6-1-s)max(b-2-s,s-~6+2~)~JU\{a}~=6-2; 
this implies 
(6-l-S)(6-2-S)=S6-2 (10) 
and 
max(2, S - 1 - s)(s - $8 + 26) S 6 - 2. (11) 
(11) is obviously false if s Z= 6 - 3, and so if (10) and (11) hold then they must 
both do so when 6 - 2 - s = s - $6 + 24, s = ;S - $. This gives 
b(S + 5)i(S + 1) S 6 - 2 
or 6’ - 106 + 37 s 0, which is impossible. 0 
Characterization 4.8. Let x and y be real number such that (a) 3x + y < 2, (b) 
6x+y<3, (c) 4x+y > 2 and (d) 10x + y 2 4. Let P be the property 6 s xn + y. 
Then %(P’) = ‘S(P”) = YF(K3, K&. (Note that graphs such as 2oC5 and K,,, 
minus a l-factor, which have n = 10, 6 = 4 and no K3 or K3,3, show that (d) 
correctly delimits the region labelled KS, K3,3 in Fig. 1. Here 20 G is the graph 
obtained from G by doubling each vertex and replacing each edge by a K,,,.) 
Proof. (a) and (b) ensure that K3 and K3,3 $ ‘S(P). (b) and (c) imply that y > 0. If 
n s 4 and G $ S(P), then (c) implies that 
yn n 6>xn+ySxn+-a-_ 
4 2 
so that K3 s G. If 4 s n =S 10 and G I$ S(P) then (c) and (d) imply that 
66 > 6(xn + y) = (4x + y)(lO - n) + (10x + y)(n - 4) 
>2(10-n)+4(n_4)=2(n+2), 
so that G contains a K3 or a K3,3 by Theorem 4.3. And if n 2 10 and G 4 S(P) 
then (a) and (d) imply that 
76 > 7(xn + y) = (3x + y)(lO - n) + (10x + y)(n - 3) 
2 2(10 - n) + 4(n - 3) = 2(n + 4), 
so the result follows from Theorem 4.7. 0 
We write K,(t) for the Turan graph T,(rt), the complete r-partite graph on r 
sets of t vertices each. The following theorem makes no pretence of being best 
possible-indeed, if r = 2 it is worse than Theorem 4.3 whenever n > 2t - 2-but 
it is simple to prove and enables us to fill in the depth of the notches between the 
K,,, regions in Fig. 1. 
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Theorem 4.9. Let r 2 2 and t 3 1 be integers and G a graph with n vertices and 
minimum degree 6 > n - (tn - t + l)/(rt - 1). Then K,,, or K,(t) c G. 
Proof. We prove the result by induction on t, noting that it holds if t = 1 (when 
the conclusion is that K, E G) by Theorem 2.1(c). So suppose that t 2 2 and 
neither K,,, nor K,(t) c G. We may suppose inductively that K,(t - 1) G G. Let 
G1 = T,(n,) be the largest r-partite Turan subgraph of G (necessarily induced), 
wheren,=r(t-l)+sandO-- <s<r. Note that G,#G, since if n=n, ands=O 
then 6,:=6(GJ=n,-t+l whereas 6>n-t+l, and if l<s-=Cr then 6r= 
n1 - t whereas 
6>n-t+l- ts ->n-t. 
rt - 1 
There is no loss of generality in supposing that G\G, does not satisfy the degree 
condition, so that at least one vertex of G\G1 is non-adjacent to fewer than 
tnJ(rt - 1) 6 t, hence to at most t - 1, vertices of G,. But this means that G 
contains a K,,, or a T,(n, + l), contrary to hypothesis. 0 
Characterization 4.10. Let r 2 2 and t 2 1 be integers and x and y real numbers 
such that (a) rtx +y <(r - l)t, (b) r(t - 1)x +y a(r - l)(t - 1) and (c) 
(rt - 1)x 2 rt - t - 1. Let P be the property 6 ~xxn +y. Then %(P’) = S(P”) = 
WK,+I, K,(t)). 
Proof. (a) and (b) imply that rx < r - 1 and y > 0. (a) and (c) imply x + y < 1 and 
so (with the previous sentence) (r + 1)x + y < r, whence K,,, $ S(P). (a) ensures 
that K,(t) $ 93(P). If n =S r(t - 1) and G $ S(P) then (b) implies 
yn n(r - 1) 
6>xn+ySxn+pSp 
r(t-1) r ’ 
so that K r+l E G by Theorem 2.1(c). And if n > r(t - 1) and G $ ‘3(P) then (b) 
and (c) imply 
(rt - 1)6 > (rt - l)(xn + y) = (rt - l)[r(t - 1)x + y] + (rt - l)x[n - r(t - l)] 
> (rt - l)(r - l)(t - 1) + [rt - t - l][n - r(t - l)] 
= (rt - 1)n - (tn -t + l), 
so that G contains K,,, or K,(t) as a subgraph by Theorem 4.9. 0 
5. The shift theorems 
In this section we attempt to relate the forbidden subgraphs for the property 
6 <xn + y for different values of x and y. If P = P(x, y) denotes this property, let 
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-P denote the property 6 >xn + y. Let SC@, y) be the set of graphs in %(-P) 
that have no proper subgraph in 3(-P), and let 9=(x, y) be the set of graphs in 
93(-P) that have no proper induced subgraph in 3(-P), so that P(x, y) E 
9”(x, y) and 
%(P’) = %(P”) = F(F(x, y)) = YF(SC(x, y)) = cF(9”(x, y)). 
In all the examples we have seen so far, it has been the case that 
s=(x, y)=9"(x,y), and all the graphs in this set are regular. Lest the reader 
presume that this is true in general, we should immediately point out a 
consequence of Corollary 4.2.1 and Theorem 5.2 (below), that (for example) 
C5 + K2 E sc(& 2). (Here “+” denotes “join”: every vertex of C5 is adjacent to 
every vertex of K,.) Also C5 + K2 E P({, 2), since this graph has the same 
minimum degree and number of vertices as C5 + Kz, and it is easy to check that 
every induced subgraph of it satisfies 6 s $z + 2. Thus the irregular graph 
C5 + K2 is in both PC<& 2) and 9”($, 2), while C5 + Kz is in the second set only. 
If x # 2, define the shift of (x, y) to be 
S fixes the line x = 1, and on any other line through (1,0) the segment between 0 
and i is mapped onto the segment between 4 and 3, which is mapped onto the 
segment between 3 and $, and so on. Thus in Fig. 1 the region labelled K2 is 
mapped by S onto the region labelled K3, which is mapped onto the region 
labelled K4, and so on. 
If G is a graph with n vertices and minimum degree 6, define the shift S(G) of 
G to be G + Z?n_6; it has 2n - 6 vertices and minimum degree n. From Fig. 1 we 
see that the following conjecture is true if x + 2y c 1. The dotted lines in that 
figure between x = $ and x = g are the shifts of the continuous lines between x = 0 
and x = 4, and so represent conjectures whose truth is implied by the following: 
Conjecture (The Shift Conjecture). If 0 c x < 1 and y 3 -1, then Sc(S(x, y)) = 
{S(G) : G E 9=(x, y)} and 9”(S(x, y)) = {S(G) : G E F(x, y)}. 
Theorem 5.1. Zf 0 sx =S 1 and y 3 -1, then {S(G) : G E F(x, Y)> E sc(s(x, Y)) 
and {S(G) : G E 9=(x, Y)} c 9”(S(x, Y)). 
Proof. Note first that 
6Cxn+y~(2-x)nS2n-6+y~ns 
( > & (2n-S)+&, 
so that G satisfies P(x, y) if and only if S(G) satisfies P(S(x, y)). 
Suppose now that G is a graph in 9”(x, y), so that G does not satisfy P(x, y) 
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but every proper induced subgraph of it does; in particular, 
6-l<x(n-1)+y. (12) 
By the previous paragraph, S(G) does not satisfy P(S(x, y)). We must prove that 
every proper induced subgraph of it does. Such an induced subgraph is either 
G1 + k, where G, is a proper induced subgraph of G and r < n - 6, or G + I?, 
where r s n - 6 - 1. The latter graph has n + r vertices and minimum degree 
6 + r and satisfies P(S(x, y)) since (12) is equivalent to 
(2-x)(n-1)<2n-S-l+y, 
which implies 
(13) 
(2-x)(6+r)C(n+r)+y 
because 6 + r =S n - 1 and 2 --x 2 1. And if G1 has n, vertices and minimum 
degree 6r, then 
6,Cxnl+y and (2-x)n,s2n,-6,+y (14) 
since G, satisfies P, and Gr + $ has It1 + r vertices and minimum degree 
min(n,, 6, + r). In either case the required inequality follows immediately from 
(14). 
This proves the second inclusion in the statement of the theorem. To prove the 
first, suppose that G is a graph in SC(x, y) E 9”(x, y). We must prove that every 
proper subgraph of S(G) satisfies P(S(x, y)). It suffices to consider subgraphs of 
the same form as before, where now G, is a proper subgraph of G (not 
necessarily induced). The only difference in the proof arises if r = n - 6 and 
n, = n. But then 6r < 6, since every proper subgraph of G satisfies P(x, y) and G 
does not, and since G1 + K7 has minimum degree at most 6 - 1 + r, the result 
follows from (13). El 
Finally, there is an upwards shift theorem, although it is less interesting as 
equality frequently does not hold. Define U(x, y) : = (x, y + 1 -x) and let U(G) 
be obtained from G by adding a single vertex adjacent to all vertices of minimum 
degree in G. 
Theorem 5.2. {U(G) : G E 9=(x, y)} s SC( U(x, y)). 
Proof. Let G be a graph in 9=(x, y) with n vertices and minimum degree 6. 
Since G does not satisfy P(x, y) and every proper subgraph of it does, deleting 
any edge of G must lower its minimum degree. Thus no edge of G joins two 
vertices with degree greater than 6. It follows immediately that G has at least 
6 + 1 vertices of degree 6, so that U(G) has minimum degree 6 + 1. U(G) clearly 
has n + 1 vertices. Since 6 > xn + y it follows that 6 + 1 > x(n + 1) + (y + 1 - x), 
so that U(G) does not satisfy P(U(x, y)). The deletion of any edge from U(G) 
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results in a graph with minimum degree 6, which satisfies P(U(x, y)) since 
6 - 1~x12 + y. So it suffices to consider induced subgraphs of U(G) obtained by 
deleting vertices of G, which will have n1 + 1 vertices and minimum degree at 
most 6, + 1 where a1 ~xn, +y, and which therefore clearly satisfy 
P(Ux, Y 1). q 
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